INTRODUCTION
Let X be a smooth proper variety. Then the Hodge-to-de-Rham (a.k.a. Frölicher) spectral sequence degenerates at E 1 and hence the singular cohomology group H i (X, C) admits a Hodge filtration (1.1) Deligne's theory of (mixed) Hodge stuctures implies that even if X is singular, there still exists a Hodge filtration and (1.2) remains true, but in general (1.3) fails.
Du Bois singularities were introduced by Steenbrink to identify the class of singularities for which (1.3) remains true as well. However, naturally, one does not define a class of singularities by properties of proper varieties. Singularities should be defined by local properties and Du Bois singularities are indeed defined locally.
It is known that rational singularities are Du Bois (conjectured by Steenbrink and proved in [Kov99] ) and so are log canonical singularities (conjectured by Kollár and proved in [KK10] ). These properties make Du Bois singularities very important in higher dimensional geometry, especially in moduli theory (see [Kol11] for more details on applications).
Unfortunately the definition of Du Bois singularities is rather technical. The most important and useful fact about them is the consequence Supported in part by NSF Grant DMS-0856185, and the Craig McKibben and Sarah Merner Endowed Professorship in Mathematics at the University of Washington. of (1.2) and (1.3) that if X is a proper variety over C with Du Bois singularities, then the natural map
is surjective. One could try to take this as a definition, but it would not lead to a good result for two reasons. As mentioned earlier, singularities should be defined locally and it is not at all likely that a global cohomological assumption would turn out to be a local property. Second, this particular condition could obviously hold "accidentally" and lead to the inclusion of singular spaces that should not be, thereby further lowering the chances of having a local description of this class of singularities.
Therefore the reasonable approach is to keep Steenbrink's original defition, after all it has been proven to define a useful class. It does satisfy the first requirement above: it is defined locally. Once that is accepted, one might still wonder if proper varieties with Du Bois singularities could be characterized with a property that is close to requiring that (1.4) holds.
The main result of the present paper is exactly a characterization like that.
As we have already observed, simply requiring that (1.4) holds is likely to lead to a class of singularities that is too large. A more natural requirement is to ask that (1.3) holds. Clearly, (1.3) implies (1.4) by (1.2), so our goal requirement is indeed satisfied.
The definition [Ste83, (3.5)] of Du Bois singularities easily implies that if X has Du Bois singularities and H ⊂ X is a general member of a basepoint-free linear system, then H has Du Bois singularities as well. Therefore it is reasonable that in trying to give an intuitive definition of Du Bois singularities, one may assume that the defining condition holds for the intersection of general members of a fixed basepoint-free linear system. I will prove here that this is actually enough to characterize Du Bois singularities (see (2.3) for their definition). This result is not geared for applications, it is mainly interesting from a philosophical point of view. It says that the local definition not only achieves the desired property for proper varieties, but does it in an economical way: it does not allow more than it has to.
At the same time, a benefit of this characterization is the fact that for the uninitiated reader this provides a relatively simple criterion without the use of derived categories or resolutions directly. In fact, one can make the condition numerical. This is a trivial translation of the "real" statement, but further emphasizes the simplicity of the criterion.
In order to do this we need to define some notation: Let X be a proper algebraic variety over C and consider Deligne's Hodge filtration
I will also use the usual notation
Recall (cf. (2.2)) that by the construction of the Hodge filtration and the degeneration of the Hodge-to-de-Rham spectral sequence at E 1 , the natural surjective map from
In particular, the natural morphism
is also surjective and hence
Now we are ready for the main theorem. It essentially says that if the opposite inequality of (1.6) holds for general complete intersections, then the ambient variety has Du Bois singularities.
More precisely I will prove the following. Theorem 1.7. Let X be a proper variety over C with a fixed basepointfree linear system d. 
(For instance, X is projective with a fixed projective embedding). Then X has only Du Bois singularities if and only if
Proof. As X has only isolated singularities, a general hyperplane section is smooth and does not contain any of the singular points. Hence as soon as
for any L ⊆ X which is the intersection of general hyperplanes in P N . Therefore the statement follows from (1.7).
These statements reiterate the fact that singularities impose restrictions on global cohomological conditions. In particular one has the following ad hoc consequence: Corollary 1.9. Let X ⊆ P N be a projective variety over C with only isolated singularities. Assume that h i (X, O X ) = 0 for i > 0. Then X has only Du Bois singularities.
Proof. As f 0,i (X) ≥ 0, the statement follows from (1.8).
Observe that (1.5) combined with the condition
is an isomorphism and hence (1.7) follows from the following. 
given by Deligne is an isomorphism for all L. Therefore the interesting statement of the theorem is that the condition above implies that X has only Du Bois singularities. Definitions and Notation 1.12. Unless otherwise stated, all objects are assumed to be defined over C, all schemes are assumed to be of finite type over C and a morphism means a morphism between schemes of finite type over C. Let X be a complex scheme (i.e., a scheme of finite type over C) of dimension n. Let D filt (X) denote the derived category of filtered complexes of O X -modules with differentials of order ≤ 1 and D filt,coh (X) the subcategory of D filt (X) of complexes K, such that for all i, the cohomology sheaves of Gr [DB81] . Note also that a simplified construction was later obtained in [Car85] and [GNPP88] via the general theory of polyhedral and cubic resolutions. An easily accessible introduction can be found in [Ste85] .
The word "hyperresolution" will refer to either simplicial, polyhedral, or cubic resolution. Formally, the construction of Ω q X is the same regardless the type of resolution used and no specific aspects of either types will be used. 
In particular,
(2.1.5) If ε q : X q → X is a hyperresolution, then
is the one that appears in (1.10). 3. THE PROOF OF (1.10) As observed in (1.11), we only need to prove that if for every i > 0 and for every L ⊆ X which is the intersection of general members of d, the natural map (3.1)
is an isomorphism, then X has Du Bois singularities. Observation 3.2. Note that it follows that ν i is an isomorphism for all i ∈ Z. Indeed, both sides are zero for i < 0 and have the same dimension for i = 0. Since ν i is surjective this implies the claim. Let Σ X ⊆ X denote the locus of points where X does not have Du Bois singularities, i.e., Σ X is the smallest closed subset of X such that X \ Σ X has Du Bois singularities. We would like to prove that Σ X = ∅.
Let H be a general member of d. Then Σ H = Σ X ∩ H by (2.1.6). As our goal is to prove that Σ X = ∅, we may replace X with an intersection of general members of d and assume that Σ X is finite.
Consider the DB defect of X [Kov11, 2.9], that is, the mapping cone of the natural morphism O X → Ω On the other hand there exists a spectral sequence computing H i (X, Ω × X ):
Observe that supp h q (Ω
